The relativistic nuclear recoil, higher-order interelectronic-interaction, and screened QED corrections to the transition energies in Li-like ions are evaluated. The calculation of the relativistic recoil effect is performed to all orders in 1/Z. The interelectronic-interaction correction to the transition energies beyond the two-photon exchange level is evaluated to all orders in 1/Z within the Breit approximation. The evaluation is carried out employing the large-scale configurationinteraction Dirac-Fock-Sturm method. The rigorous calculation of the complete gauge invariant sets of the screened self-energy and vacuum-polarization diagrams is performed utilizing a local screening potential as the zeroth-order approximation. The theoretical predictions for the 2p j − 2s transition energies are compiled and compared with available experimental data in the range of the nuclear charge number Z = 10 − 60.
I. INTRODUCTION
High-precision spectroscopy of Li-like ions continues to be of interest both theoretically and experimentally. On the one hand such ions are among the simplest few-electron systems that can be theoretically described with high accuracy, on the other hand high precision measurements are also available. Investigations of such systems enable precision tests of quantum electrodynamics (QED) at strong fields, as well as studying various nuclear properties probed by the atomic structure. During the last decades significant theoretical efforts were undertaken to evaluate various contributions to the energy levels in high-Z Li-like ions [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] . However, further improvements in theoretical calculations are required in order to meet the high level of the experimental accuracy [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] .
This work is devoted to high precision calculations of the 2p j − 2s transition energies in middle-Z Li-like ions. As was noticed in Ref. [13] , the leading sources of theoretical uncertainty originate from the relativistic recoil and higher-order screened QED corrections.
Therefore, the present paper is mainly focused on evaluation of these corrections. The paper is organized as follows: Sec. II is devoted to the calculation of the relativistic nuclear recoil effect employing the large-scale configuration-interaction Dirac-Fock-Sturm method (CI-DFS).
The method used for the calculation of the higher-order (in 1/Z) relativistic recoil corrections allows us also to obtain accurate numerical values for the interelectronic-interaction contributions to the transition energies within the Breit approximation. In Sec. III these results are combined with the rigorous QED calculation of the one-and two-photon exchange contributions to obtain the higher-order electron-electron interaction corrections to the transition energies with the same accuracy level as in Ref. [13] . The calculation of the screened QED corrections is presented in Sec. IV. A local screening potential is included in the zerothorder Hamiltonian. Then, the first and second-order diagrams representing the screened self-energy (SE) and vacuum-polarization (VP) corrections are rigorously evaluated. In the last section, we compile all the contributions to get the most accurate theoretical predictions for the 2p 1/2 − 2s and 2p 3/2 − 2s transition energies of Li-like ions in the range of the nuclear charge number Z = 10 − 60 and compare them with experimental data available.
Relativistic units ( = 1, c = 1, m = 1) and the Heaviside charge unit [α = e 2 /(4π), e < 0] are used throughout the paper.
II. RELATIVISTIC THEORY OF THE NUCLEAR RECOIL EFFECT
Since the electron mass is small compared to the nucleus mass, most of the contributions to the binding energies can be evaluated within the infinite nuclear mass approximation.
Taking into account a finite nuclear mass shifts the energies. This is so called nuclear recoil effect. Since this effect is different for different isotopes, it also results in an isotope shift of the energy levels. Generally, the isotope shift arises as a sum of the finite nuclear mass effect (mass shift) and a non-zero nuclear size effect (field shift). In this section we focus on calculations of the mass shift in Li-like ions.
A. Basic formulas
In the nonrelativistic theory the mass shift (MS) is usually represented as a sum of the normal mass shift (NMS) and the specific mass shift (SMS), H
where [27] 
Here, p i is the electron momentum operator and M is the nuclear mass.
A rigorous relativistic theory of the mass shift can be formulated only in the framework of QED. Such a theory was formulated in Refs. [28, 29] (see also Refs. [30, 31] and references therein), where the complete αZ-dependent formulas for the recoil correction to the atomic energy levels to first order in m/M were derived. Within the Breit approximation this theory leads to the following many-body relativistic MS Hamiltonian:
where α is a vector incorporating the Dirac matrices. An independent derivation of Hamiltonian (2) was presented in Ref. [32] . As follows from expression (2), the lowest-order relativistic correction to the one-electron mass shift operator is given by
where "RNMS" stays for the relativistic NMS. The corresponding two-electron correction is
where "RSMS" denotes the relativistic SMS.
The recoil correction to a given atomic state to first order in m/M is obtained as the [34, 35] , this Hamiltonian was used to evaluate the relativistic recoil effect in low-and middle-Z ions and atoms to all orders in 1/Z.
The recoil correction of the first order in m/M is conveniently expressed in terms of the constant K defined by
where |ψ is the eigenvector of the Dirac-Coulomb-Breit Hamiltonian. With this constant, the mass isotope shift for two different isotopes with nuclear masses M 1 and M 2 can be written as δE = K
The recoil correction which is beyond the Breit approximation (2) is referred to a QED recoil effect. This effect has to be also taken into account, especially for high-Z ions. For H-and Li-like ions the QED recoil corrections have been calculated to all orders in αZ and to zeroth order in 1/Z in Refs. [36, 37] . In what follows, we focus on the calculations of the coefficient K to all orders in 1/Z for the 2p j − 2s transitions in a wide range of Li-like ions. We investigate relative contributions of the relativistic and QED corrections to the total recoil effect and the influence of the electron correlations on the recoil effect.
B. Method of calculation
Expectation values of the MS operator (2) are very sensitive to the electron correlations.
In the present investigation the large-scale configuration-interaction (CI) Dirac-Fock-Sturm (DFS) method was employed to solve the Dirac-Coulomb-Breit equation with high accuracy. This method was developed by Tupitsyn and partially presented in Ref. [38] . It was successfully used for calculations of the recoil effect in Refs. [14, 34] . The MS is calculated as the expectation value of the recoil operator with the many-electron Dirac wave function.
Additionally, we apply an alternative approach which consists in adding the operator H M (2) to the many-electron Hamiltonian H with an arbitrary coefficient λ
and evaluating the MS by
Here the derivative is determined numerically and λ is chosen obeying the numerical stability and smallness of the nonlinear terms. We have reformulated the CI-DFS method to adopt the alternative scheme and independently evaluated the normal and specific parts of the MS by both methods.
C. Results of the calculations and discussion
Here we examine our calculations of the mass shift coefficient K in Li-like ions and compare them with the related results obtained by other authors. In Tables I, II, III, and IV we present numerical results for the coefficient K calculated for the 2p 1/2 − 2s and 2p 3/2 − 2s transitions in lithium, Li-like zinc, neodymium, and uranium, respectively. The first line shows the contribution obtained employing the MS operator (2). The entries labeled "NMS", properties as a function of the configuration basis set, the difference between the results obtained by two alternative methods described above, and the deviation of our nonrelativistic SMS values from the related results by other nonrelativistic calculations, we estimate an uncertainty associated with the electron correlation as 0.05% for lithium, 0.002% for Li-like boron and much less for ions with larger nuclear charge numbers.
One-electron and two-electron QED recoil corrections were calculated in accordance with our previous works [36, 37, 47] . The evaluation is performed for extended nuclei within the approximation of noninteracting electrons. The electron-electron interaction is suppressed by a factor 1/Z, therefore we estimate the uncertainty of the QED recoil contribution multiplying it by 1/Z.
As one can see, in the case of Li our values agree well with the previous theoretical predictions [35, [39] [40] [41] [42] [43] [44] as well as with the experimental data [45, 46] .
In Fig. 1 we plot the individual contributions to the MS coefficient K for the 2p 1/2 − 2s and 2p 3/2 − 2s transitions in Li-like ions. The dotted line indicates the relative contribution of the electron-electron interaction; the dashed line represents the relativistic correction;
and the dashed-dotted line stands for the QED part of the coefficient. We observe that for low-Z ions it is extremely important to include the electron-electron interaction effects. For middle-Z ions all parts are equally important. For high-Z region the QED and relativistic contributions become dominant. It is interesting to note that for the high Z the QED contribution is larger than the relativistic one. One can see also that the relativistic contribution for the 2p 3/2 − 2s transition is much smaller than for the 2p 1/2 − 2s one. This is due to a large cancellation of the relativistic NMS and relativistic SMS contributions for the 2p 3/2 − 2s transition. We note also that for the 2p 1/2 − 2s transition the NMS equals to zero in hydrogenlike ions with a pointlike nucleus.
The total results for the MS coefficient K for the 2p 1/2 − 2s and 2p 3/2 − 2s transitions in Li-like ions with the nuclear charge numbers Z = 3 − 92 are presented in Table V . Now the leading theoretical uncertainty for middle-and high-Z ions is determined by uncalculated electron-electron interaction effects of the QED recoil contribution. 
III. HIGHER-ORDER ELECTRON-CORRELATION CORRECTIONS TO THE TRANSITION ENERGIES
Electron-electron interaction within the basic principles of QED is described by exchange of virtual photons. The one-photon exchange leads to the operator
where D µν is the photon propagator, which in the Coulomb gauge is written as
r 12 = |r 12 | = |r 1 − r 2 |, r i is the position vector of the ith electron, and α µ = (1, α) are the Dirac matrices.
Expanding expression (9) in powers of the photon frequency one can derive a simplified form of the interaction. The low-frequency limit of this interaction consists of two parts, referred to as the Coulomb and the Breit interaction,
The most traditional approach for the treatment of the electron-electron interaction in relativistic many-electron atoms consists in using so-called Breit approximation. In this approximation the total Hamiltonian can be represented as the sum of the one-electron Dirac
Hamiltonians and the Coulomb and Breit electron-electron interactions, projected on the positive-energy Dirac's states. In this way one gets the Dirac-Coulomb-Breit equation.
Traditional methods for solving the Dirac-Coulomb-Breit equation are the many-body perturbation theory (MBPT) [48, 49] , the multi-configuration Dirac-Fock method [50] , and the configuration-interaction (CI) method [3, 34] . All these methods treat the one-photon exchange exactly and the higher-order electron correlation is accounted for within the Breit approximation only.
The current level of experimental accuracy demands rigorous QED calculations of twophoton exchange contributions, which for n = 2 states of Li-like ions were performed in Refs. [6, 8-11, 13, 51] . Meanwhile rigorous QED calculations of three-and more photon exchange contributions have not been performed up to now. For high-Z few-electron ions evaluations of these contributions within the Breit approximation are generally sufficient.
Previously such calculations for Li-like ions were performed in Refs. [7, 9, 10, 13] . The evaluations of Refs. [7, 10] were carried out with the hydrogenic wave functions while in
Refs. [9, 13, 52 ] the perturbation expansion starts with a local screening potential, which partly incorporates the electron-electron interaction effects.
In the present investigation, to evaluate the interelectronic-interaction corrections of the third and higher orders we proceed as follows. The large-scale CI-DFS method (see, e.g.,
Refs. [34, 38] ) was used to solve the Dirac-Coulomb-Breit equation yielding the energies.
The operator of the interelectronic interaction in the Breit approximation reads
where a scaling parameter λ is introduced to separate terms of different order in 1/Z using the numerical results obtained for different values of λ. Thus, for small λ, the total energy of the system can be expanded in powers of λ
The higher-order contribution E 3 ≡ ∞ k=3 E k is calculated as
where the terms E 0 , E 1 , and E 2 are determined numerically according to Eq. (13) . The results of the numerical calculation of the higher-order interelectronic-interaction contributions for the 2p 1/2 -2s and 2p 3/2 -2s transition energies in Li-like ions are collected in Table VI. "C" in the second column indicates that only Coulomb interaction is taken into account, while "C+B" means that both Coulomb and Breit interactions are included. As one can see from the table, in accordance with Refs. [7, 13] , the Breit interaction contribution is rather significant, especially for middle and high-Z ions. We note that the third-order contribution monotonously increases and changes the sign when Z increases. The uncertainty of the results consists of two parts: an uncertainty due to some approximations made in the numerical procedure, in the table it is written in the first brackets, and an uncertainty due to the Breit approximation, it is given in the second brackets. To estimate the first [53] 90 C+B E 3 0.118 [7] 90 C+B E 3 0.127(6)(40) -0.035(6)(40) uncertainty we studied the convergence of the calculation depending on the configuration basis set and compared our results with very accurate data obtained for lithium with the variational solution of the three-body Schrödinger problem that includes the relativistic corrections obtained within the αZ expansion [43, 54, 55] . The estimation of the residual threeand more photon-exchange QED effects is more difficult. As was found in Refs. [8, 13] the QED part of the two-photon exchange correction is anomalously small for the 2s and 2p 1/2
states. Moreover, the third order of the electron-electron interaction changes its sign when Z increases. Thus, the value based on the ratio of the two-photon exchange QED correction to corresponding non-QED contribution might underestimate the three-photon QED effects.
For this reason, to estimate the uncertainty due to the QED effects, we take the ratio of the QED and non-QED two-photon contributions for the 2p 3/2 − 2s transition, where the QED effect is adequate, and multiply it by the maximal value of the third-order contribution among the 2s, 2p 1/2 and 2p 3/2 states.
Comparing the results for the third and higher orders (E 3 ) with the third order (E 3 ), we conclude that corrections of the fourth and higher orders (E 3 − E 3 ) are rather important, especially for low-and middle-Z ions.
We observe a reasonable agreement with Zherebtsov et al. [7] and Yerokhin et al. [13] . In Table VII we collect all the electronic-structure contributions to the transition energies and compare our results with those by other authors. For comparison we chose the most recent data from Ref. [13] , which are in reasonable agreement with others calculations. Only for light ions with small Z = 3 − 15, where the correlation effects are large compared to the relativistic contributions, results of other works (without QED effects) are also presented.
The column labeled "Dirac" contains the energy value obtained from the Dirac equation
with an extended nucleus. The Fermi nuclear charge distribution was employed. Except for uranium, the root-mean-square (rms) radii were taken from Ref. [56] . In case of uranium, we use the rms value from Ref. [16] and take into account the nuclear deformation effect (see Ref. [16] for details). The two-photon exchange correction is evaluated within the framework of QED, following our previous investigations [8, 11] . The uncertainty given is due to the higher-order interelectronic interaction only. In addition to a different treatment of the Breit interaction in the present work and in Ref. [13] (see the related discussion above), we note some difference in evaluation of the QED part of the two-photon exchange contribution.
In our work it was calculated with the pure Coulomb potential while in Ref.
[13] a local screening potential was employed. We remind also the reader that, in accordance with our definition of the electronic-structure part, the values in Table VII are given in the nonrecoil limit. Table VII . Electronic-structure contributions to the 2p 1/2 − 2s and 2p 3/2 − 2s transition energies in Li-like ions, in eV. The nuclear-charge rms radii r 2 1/2 (in fm) are taken from Refs. [16, 56] .
The uncertainty given is due to the higher-order interelectronic interaction only. The first one is caused by the numerical procedure while the second one is due to the Breit approximation. 
IV. SCREENED QED CORRECTIONS
The screened QED contribution ∆E scrQED incorporates the screened SE ∆E scrSE and screened VP ∆E scrVP corrections. As concerns the QED part of the two-photon exchange correction, it is included in the electronic-structure contribution (see the previous section).
Therefore, here we restrict ourself with the contributions of the screened SE and VP terms into the 2p j − 2s transition energies of Li-like ions.
First estimates of the screened QED corrections in Li-like ions were performed in Refs. [1-3, 49, 50] , where these corrections were included either phenomenologically or partly. The rigorous evaluations of the screened SE and VP corrections were first performed in works [4, 57] and [5] , respectively. These calculations incorporate the second-order QED effects starting with the pure Coulomb potential as the zeroth-order approximation (the original Furry picture). Later, in case of Li-like bismuth, these corrections were calculated starting with a local screening potential (the extended Furry picture) [9] .
In the present paper the screened SE and VP corrections are evaluated within the ex- The Dirac equation in the extended Furry representation can be written as
where V nuc is the Coulomb potential of the extended nucleus and V scr is a local screening potential, which partially accounts for the interaction between the valence electron and the closed core electrons. We employ here the Kohn-Sham screening potential derived within the density-functional theory [58] ,
This potential was successfully utilized in our previous QED calculations for the g factor and hyperfine splitting of Li-like ions [59] [60] [61] . Here, ρ t denotes the total radial charge density distribution of the core electrons (b) and the valence electron (a)
where n b is the number of the core electrons. The Kohn-Sham potential is constructed for the lithiumlike ground state, namely, for the (1s 2 )2s state. In order to estimate the sensitivity of the result on the choice of the potential we consider also the core-Hartree potential, which is just a Coulomb potential generated by the core electrons. The screening potentials are generated self-consistently by solving the Dirac equation (14) until the energies of the core and valence states become stable on the level of 10 −9 . The asymptotic behavior of the Kohn-Sham potentials at large distances is restored by introducing the Latter correction [62] .
The complete gauge invariant set of diagrams which have to be considered are shown in We consider here only the diagrams contributing to the ionization energy of the valence state. It means that the one-electron core and core-core interaction diagrams are omitted in our consideration. The corresponding contribution from the SE screening diagrams can be written as
The zero-order contribution ∆E (0) scrSE , depicted on Fig. 2(a) , is the difference between the SE corrections calculated with and without the screening potential
Here, the subscript "C" labels the energies and wave functions calculated with the Coulomb potential of the nucleus only, while Σ(ε) denotes the unrenormalized self-energy operator.
The contribution of the diagrams depicted in Fig. 2(b) is conveniently divided into irreducible and reducible parts [63] . The irreducible part is represented by the expression
where the sum over b runs over all core electron states, P is the permutation operator, giving rise to the sign (−1) P of the permutation, ∆ = ε P a − ε a , and I(ω) is the interelectronicinteraction operator defined in the Coulomb gauge by Eqs. (8) and (9). The expression for the reducible part is given by
The vertex part, corresponding to Fig. 2(c) , is given by
where u = 1−i0 preserves the proper treatment of poles of the electron propagators. Expressions (18)- (21) suffer from ultraviolet divergences. To cancel these divergences explicitly we have employed the renormalization scheme presented in details in Refs. [4, 64] . The infrared divergences which occur in some terms of the expressions (20) and (21) are regularized by introducing a nonzero photon mass and canceled analytically.
The corresponding contributions of the screened VP diagrams, depicted in Fig. 2 
where U VP denotes the VP potential, and I VP (∆) is the interelectronic-interaction operator modified by the electron-loop. For the renormalization of the expressions (23)- (26) we refer to the works [5, 65] . Accordingly, these contributions are divided into the Uehling and Wichmann-Kroll parts. The renormalized Uehling parts of the VP operators U VP and I VP (∆) are given by the expressions (see, e.g., Ref. [5] )
where the density ρ eff is related to the nuclear binding and local screening potentials via the Poisson equation ∆V nuc (r) + ∆V scr (r) = 4παZρ eff (r). U scr VP differs from U VP only by replacing ρ eff with ρ scr , where the density ρ scr is related to the screening potential V scr . The WichmannKroll parts of the expressions (23)- (25) are evaluated employing the approximate formula for the Wichmann-Kroll potential [66] . The Wichmann-Kroll contribution to Eq. (26) is relatively small [5] and is neglected in the present consideration.
The numerical evaluation is based on the wave functions constructed from B-splines employing the dual-kinetic-balance finite basis set method [67] . The sphere model for the nuclear charge distribution is used together with the rms radii taken from Ref. [56] , with the exception of the uranium ion, for which the rms value is taken from work [16] . The calculations have been performed in both Feynman and Coulomb gauges for the photon propagator describing the electron-electron interaction. The results agree very well with each other, thus providing an accurate check of the numerical procedure. In Table VIII we compare our values of the screened SE and VP corrections, calculated in the KohnSham, core-Hartree, and Coulomb potentials (as zeroth-order approximation), with other theoretical results. As one can see from the table, our values for the screened SE and VP corrections in the Coulomb potential are in perfect agreement with the corresponding results of works [4, 57] and [5] , respectively. As to comparison with the related values from Ref. [9] , some deviation can be stated for both screened SE and VP contributions. This discrepancy is especially noticeable for the 2p 1/2 and 2p 3/2 screened SE terms. The reason of this disagreement is unclear for us.
In Table IX we present our results for the total screened QED correction to the ionization energies of the 2s, 2p 1/2 , and 2p 3/2 valence states as well as to the energy differences 2p j −2s, Kohn-Sham potentials and assign the uncertainty to be 30% of this difference. The related uncertainty for the energy differences 2p j − 2s is determined to be the maximum of the error bars for the 2p j and 2s states. Ref. [48] , which has a higher accuracy.
Next, one should take into account the first-order one-electron QED corrections. They are determined by the SE and the VP. The SE correction is obtained by interpolating the values presented in Ref. [68] for the 2s and 2p 1/2 states and in Ref. [69] for the 2p 3/2 state.
The Uehling part of the VP contribution was calculated in the present work while the Wichmann-Kroll part is taken from Ref. [70] .
The next corrections, which caused the largest theoretical uncertainties for middle-Z ions [13] , are the nuclear recoil and screened QED contributions. The recoil effect is considered in Sec. II, while the evaluation of the screened QED corrections is presented in Sec. IV.
These calculations improve considerably the accuracy of the theoretical predictions for the 2p j − 2s transition energies in middle-Z Li-like ions.
Finally, we should account for the two-loop one-electron QED effect. So-called "SEVP", "VPVP", and "S(VP)E" subsets were recently tabulated in Ref. [15] . The remaining twoloop SE correction (the "SESE" subset) for n = 2 states was accomplished only for several ions with Z ≥ 60 [12] . In order to obtain the SESE correction for middle-Z ions we use an extrapolation procedure. For the 2s state, the extrapolation is performed in two steps. At first, the numerical values for the 1s state are obtained by interpolating the numerical results of Refs. [12, 71, 72] . Then the weighted difference ∆ s = 8δE 2s − δE 1s is achieved by using low-order terms of the αZ-expansion and extrapolating the higher-order contributions from the all-order results (see Ref. [73] and references therein). An uncertainty of 30% is assigned to these results. For the 2p j states, the correction is much smaller and, for our purpose, it is sufficient to use the αZ-expansion [73] with the boundaries for the higher-order remainder ±2α 2 (αZ) 6 /(8π 2 ).
As one can see from the tables, the total theoretical results agree well with the experimental data. Compared to the experimental accuracy, the theoretical one is generally better, almost the same in the cases of argon (Z = 18) and iron (Z = 26), and worse for neon (Z = 10)
and scandium (Z = 21, the 2p 3/2 − 2s transition). For middle-Z ions, the leading theoretical uncertainties arise from the higher-order screened QED and the electronic-structure contributions. For Z greater than 40 the uncertainty due to the two-loop one-electron QED corrections becomes also considerable. We conclude that the present status of the theory and experiment for middle-Z Li-like ions provides a test of QED on a level of a few tenths of a percent.
Further improvements of the theoretical predictions can be achieved by calculating the screened QED corrections of the second order in 1/Z and the three-photon exchange QED corrections. We have presented a systematic evaluation of the relativistic nuclear recoil effect in Li-like ions. The recoil correction within the leading relativistic approximation was calculated with many-electron wave functions in order to take into account the electron correlation effect. It relies on the large-scale CI-DFS method. The higher-order relativistic recoil correction were also taken into account. The results obtained are used to evaluate the 2p j − 2s transition energies. They can also be employed to get the isotope shifts in Li-like ions.
A systematic QED treatment of the electron correlation for the 2p j − 2s transitions in Li- 
